In this paper we give a selective review of our work on the role of electron correlation in the theory of high temperature superconductivity. The question of how electronic repulsions might give rise to off-diagonal long range order (ODLRO) in high temperature superconductors is currently one of the key questions in the theory of condensed matter. This paper argues that the key to understanding the occurrence of high temperature superconductivity (HTSC) in cuprates is to be found in the Bohm-Pines Hamiltonian modified to include a polarisable dielectric background. The approach uses reduced electronic density matrices and discusses how these can be used to understand whether ODLRO giving rise to superconductivity might arise from a Bohm-Pines type potential which is comprised of a weak long-range attractive tail and a much stronger short-range repulsive Coulomb interaction. This allows time-reversed electron pairs to undergo a superconducting condensation on alternant Cuprate lattices. Thus, a detailed summary is given of the arguments that such interacting electrons can cooperate to produce a superconducting state in which time-reversed pairs of electrons effectively avoid the repulsive hard-core of the inter-electronic Coulomb interaction but reside on average in The alternant cuprate lattice structure is the key to achieving HTSC in cuprates with d x2-y2 symmetry condensate symmetry.
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Per Olov Löwdin
In celebrating the centenary of Per Olov Löwdin's birth and reflecting upon his contributions to science we cannot help being in awe at the breadth and depth of his insights. The review we present here is in a real sense a small tribute to Per Olov Löwdin's enormous contribution to theoretical chemistry and physics. Configuration interaction, electron correlation, density matrices, eigenvalues of density matrices, natural orbitals and geminals, variational problems, effective Hamiltonians all have a prominent part and Per Olov played a key role in their development. In a series of seminars on correlation and density matrix theory given by Per Olov in Uppsala, during the very cold Swedish winter of 1978/1979 he reviewed the conditions for superconductivity stressing the necessity of a macroscopically large eigenvalue of the second order reduced electronic density matrix analogous to Bose-Einstein condensation. It is not widely known that complementing the famous work of Chen Ning Yang such a condition was also discovered at about the same time by Sasaki working in Per Olov's group in Uppsala as discussed here. It was during these seminars in 1978/1979 and inspired by Per Olov that the ideas discussed in this paper were born.
Introduction to superconductivity
Superconductors are materials which transport electric charge without resistance 1 and with the display of associated macroscopic quantum phenomena such as persistent electrical currents and magnetic flux quantization. These quantum phenomena are associated with macroscopic wave functions characteristic of off-diagonal long-range order (ODLRO), a name first introduced by Chen Ning Yang 2 . This order is characterised by a long-range coherence of the quantum mechanical phase which demonstrates itself as macroscopic quantum phenomena. The focus of this paper is to give a very selective review of the role of electron correlation in HTSC where we put forward the view that this is very largely an electron correlation effect due to electronic repulsions but with a prominent role played by the plasma modes in the energetics and electrodynamics of superconductors. This review follows earlier work on aspects of these topics 3,4,5,6,7 .
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Bednorz and Müller 8 first made the discovery of HTSC in the cuprates which set off a very well-known avalanche of theoretical and experimental activity resulting in the discovery of many hole and electron-doped superconducting cuprates and their related properties.
Sometime after the discovery of the cuprates (see Fig. 1 for chemical structures), iron based high temperature superconducting compounds 9, 10 were discovered in Japan. These two types of chemical structure highlighted the role of alternant lattices which exist in these materials and shown specifically for the cuprates below in Fig. 1 and discussed in refs [ 1, 2, 3, 4, 5, 6, 7 ]. For structures of the iron-based compounds see eg ref The microscopic origin driving the superconducting condensation in these solids is the focus of very many theories and speculations which are too numerous to review here. However, there is a widely held view that HTSC materials are 'electronic superconductors' in which the participation of phonons is at best secondary. No theory has yet been widely accepted despite numerous studies and many notable and highly interesting proposals 13, 14, 15 . There are many aspects and properties of HTSC materials which we do not consider here such as charge density waves and the origin of the pseudogap which have both attracted wide attention.
Hence here we will focus in a limited way on our view of the role of Coulomb repulsions in high temperature cuprate superconductivity. 
The Pairing instability in Classical and High Temperature Superconductors
The theory of conventional low temperature metallic superconductors is due to Bardeen - The following eigenvalue/eigenvector relationships given below are easily verified.
The lowest energy (U-kV) eigenvector is a 2k-dimensional vector with elements ±1. Real-space pairwise occupation of the single particle localized states making up the Slater determinant basis functions is essential to obtain the coherence of the matrix element signs and give the block structure to the Hamiltonian matrix shown above.
Subject to the magnitudes of U and kV the lowest eigenvalue at U-kV can thus cross over into a new low energy ground state just as in Cooper's problem.
In the condensed matter literature there has been extensive discussion 13, 32 of the BCS gap
for the zero temperature case where E k and  k are respectively the BCS excitation energy and gap parameter. Superconducting low energy solutions exist for repulsive matrix elements . We will return to this question where Eqn(3.2) is derived by the assumption of an extreme state and the existence of Yang's off-diagonal long-range order to be discussed below.
Off-diagonal long-range order (ODLRO) in Superconductors
A key insight into the ordered nature of the superconducting state was suggested by London x , x ;x , x can demonstrate the existence of Off-diagonal Long-range Order (ODLRO) in an electronic wave function. The second order reduced electronic density matrix for a many-electron wave function
is defined in the Yang normalization as
x , x , x , x ;x , x x …x x , x , x …x x x (4.1)
In order to undertake a pair -population analysis 2 ()
x , x ;x , x may be expressed as
P ij,kl is an element of the pair sub-space population coefficient matrix P. In Eqn (4.2) g ij (x 1 ,x 2 ) is a two-electron Slater determinant and x 1, x 2 ,.. are spin-space variables. The normalization of g ij (x 1 ,x 2 ) is such that the density matrix eigenvalues correspond to populations of electron pairs in a particular germinal state. ODLRO is present and characterizes a superconducting condensate for a many-electron wave function (x 1 ,x 2 ,…x 2M ) when one of the eigenvalues λ L of the matrix P is macroscopically large. This macroscopically large number of electron pairs populating the same pair state is analogous to Bose-Einstein condensation 2 ,5,6 .
Leggett
13 has given an extensive discussion of the eigenvector of the density matrix associated with the large eigenvalue is superconducting condensate wave function x 1 ,x 2 ) and the relation to superconductivity.
Diagonalization of
3)
The unitary transformation S which is the matrix of orthonormal eigenvectors of the matrix P relates the bases and  gg .
The mean of the eigenvectors associated with the small eigenvalues are assumed to be negligible in the limit when the couple at 
and in Eqn(9.1) for repulsive matrix elements. The details of how these matrix elements are obtained are given in full in refs [
]. It can be seen that both scenarios for attractive and repulsive matrix elements in these degenerate systems can produce low energy states exhibiting ODLRO with superconducting properties. The point of view presented here is that the cuprates and possibly the iron -based superconductors 9,10,11 are examples of the latter scenario. The reader is referred to recent developments 44 relating to the large eigenvalue of the cumulant part of the two-electron reduced density matrix as a measure of off-diagonal long-range order relevant to HTSC. In this paper we will consider the reduced electronic density matrix of the quasiparticle wave function which comes from the Bohm-Pines method [18] [19] [20] .
Before moving on we will make a connection between BCS theory 16 (4.6) where the terms on the right are the sums of one -body and two-body interactions.
We focus only on that part of the energy (the pairing energy) which changes in a BCS condensation.
Eqn (4.6 ) can be decomposed into a sum of electron pair Hamilitonians using centre-of-mass (R) and internal coordinates (r). 
where L  and s  are the large and small eigenvalues of the box P defined above.
Following refs [
13,33
] the BCS pairing energy is 22 22 , 2,
If we now assume that the magnitude of the Fourier coefficients is essentially constant over the Fermi surface we obtain 2 , ,
which for an extreme state can be written 
Minimisation ], for example. It is appropriate to remark that Eqn(4.13) has another roots which may be appropriate to hole-doping of a nearly full band.
The Bohm-Pines Hamiltonian
The existence of plasma oscillations in metals was suggested many years ago yet the 
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A is an irrotational magnetic vector potential. The electric scalar potential is zero and does not appear in the Hamiltonian in the temporal gauge.
We will split the total Hamiltonian into Henceforth in the short-range Hamiltonian sr H the nuclei will be regarded as infinitely heavy so that the Born-Oppenheimer approximation is effectively made so that only electronic motions will be considered.
The Short-Range Hamiltonian H sr
The short range Hamiltonian is given by 
The last term will now be evaluated by replacing the sum by integration over k-space.
Hence the short-range Hamiltonian is given by ,Z ν at separation r is the second term in Eqn(5.4). This is easily evaluated numerically and is extremely interesting and will be discussed in detail next.
k c is the inverse screening length. We will estimate k c using the inverse Thomas- It is the long-range oscillations in such a potential which will be the focus for the occurrence of HTSC. These are also well-known as Friedel oscillations 48 and discussed by March and Murray 49 and Langer and Vosko 50 .
Long-Range Hamiltonian and Plasma Oscillations
The long-range Hamiltonian is given by 
Total Hamiltonian
We study an effective short-range Bohm-Pines Hamiltonian Wannier-type orbitals which we labeled as (px,py) with e-symmetry in the C 4v point group, which seem on balance likely to play a significant role in cuprate superconductivity. In the cuprate layers oxygen 2p x , 2p y , 2 p z orbitals hybridize with the Cu d-orbitals to form a set of symmetry adapted orthogonalised localized basis functions  i ( r ) which make up the condensate wave function. The shapes of these is given in Figs. 4a and 4b .
Decomposing x 1 ,x 2 ) leads to (2)) pairing is composed of electrons in time-reversed states where such a choice of pairing is considered the best candidate for producing robust HTSC. We disregard other pairing candidates as unlikely for reasons given elsewhere .These are shown on a cuprate lattice below and we will now discus how we can obtain a low energy superconducting state from electronic correlations where the (px, py) choice of active localized basis functions leads straightforwardly to low energy ground state exhibiting ODLRO.
The superconducting Ground State
We consider a square cuprate lattice compose of N/2 cells as shown in Fig.1 (right) .A pair 
] )
We consider a basis of Slater determinants generated by populating M singlet coupled electron pairs randomly over the N Wannier orbitals so that each pair is either occupied by 2 electrons or vacant as depicted in Fig. 5 . with a filling fraction ρ= M/N . The number of ways of arranging M electron singlet coupled pairs randomly over N occupied orbitals is
configuration is given an overall signature given by the product of the signs of the occupied pairs of orbitals such that each Slater determinant basis function may be grouped into one of 2 classes according to the overall signature. In a localized basis with screened but locally strong Coulomb repulsions interactions and maximally unpaired electrons in the normal phase the energy is given by the expectation value M D is the number of paired electrons in the configuration. 2Mh represents the one body terms. These energy differences between the superconducting state and such a normal state cancel. Thus assuming that the sum of the Plasmon zero point energies which describe longrange energy differences are the same in both the normal and superconducting state then we estimate of the energy difference/orbital between the energetically competing normal and superconducting phases as
The energy expression given in (8.8) can become negative as the screening increases with doping and this allows the superconducting state to become the ground state, as depicted in The behavior of the appearance/ disappearance of superconductivity observed on doping is reproduced along with the well-known electron/hole doping symmetry.
9.Condensate Wave functions
For the wave function given in Eqn(9.1) the pair population density coefficient pair sub-matrix P is given by (9.1) Such a macroscopically large eigenvalue shown above which indicates a superconducting condensation also occurs for the ground state wave function given in Eqn (3.4). Hence, n-fold stabilization with ODLRO can occur with both the attractive and repulsive matrix elements in the Hamiltonian matrix of the type discussed above.
The matrix P has a macroscopically large eigenvalue L  given by
The associated eigenvector as given in Eqn(4.7) or in normalized form
The macroscopically large eigenvalue represents a condensate of electron pairs and numerically equals is that the broad features of the experimental observations There is a long-range contribution to the integral u which is due to the minimum in v sr . The latter term is a correlation term which arises from keeping pairs of electrons apart at very short range.
It is the utmost importance to appreciate that the last term is made up from contributions which act collectively to lower the energy. In Fig 3. for any unit cell the region in between red/blue lines for nearest and next nearest neighbours are regions of space with a reduced probability of finding a pair of electrons with opposite spin close together. This collective reduction in the Coulomb repulsion allows the attractive part of the long-range Bohm-Pines potential to play a significant role in the energetics.
The sign alternation in the condensate wave function indicates that a 'hole' develops in regions of space around each electron keeping pairs of electrons out of the hard-core Coulombic repulsion. This allows them to reside with higher probability at the minimum of v sr (r). A weakness in the current approach is the use of a uniform high-frequency dielectric constant ε.
It has been shown recently 55, 56 that a two-electron system can hold a bound state with a mean nuclear-electron distance 5Å 3. r  for the outer electron at the critical nuclear charge for binding. It would be highly interesting to study a 2 electron atomic problem with the nucleus replaced by a polarizable body to mimic the Cu atom in the situation shown in Fig.7 .
Finally we remark that electron correlation was central to Per Olov's work and in refs [ 40, 57, 58 ] the ground work for key aspects of the discussion in this contribution was laid. Also, in his book 59 on linear algebra he discusses the 'mirror theorem'. In principle, it goes beyond the Born-Oppenheimer (BO) approximation. A superconductor would be divided into two parts:
(a) the light fermions and (b) the heavy nuclear framework which are linked through the 'mirror theorem'. Investigating the consequences of this linkage for superconductors possibly by tracing over the nuclear coordinates might be of interest.
